MAaTH 10B — SPRING 2026 WEEK 6

Exercise 1. Find the volume of the solid obtained by rotating the area between y = 3 arcsin 22, y = 0, and
x =1 around the y-axis.

With these kinds of problems, it’s always best to have a picture to reference. Try sketching it out!

Solution: Since we are rotating about the y-axis, we need our functions in terms of y, rather than x:
y = 3arcsin 2® = % = arcsinz? = sin (%) = 2% — /sin (%) =z.

Now, our bounds will be in terms of y. We are given one of them, i.e. y = 0, we need to find the other, that
is, the point where x = 1/sin(y/3) and = = 1 intersect:

3

1 = +/sin(y/3) = 1 =sin(y/3) = % = g ==

Remark: Since arcsinx has a range of [—m/2,7/2], when we see that 1 = sin(y/3) we know that a solution
must lie in the interval [—m/2,7/2]. Hence, we know y/3 = ©/2 rather than another solution (i.e. y/3 =
57/2). Finally, as sin(y/3) < 1 for all y, we see that the volume of this region is given by:

[ (e (vewm) Y a=r [ 0 sinwssna
=7 (2 + 3cos(y/3)) |5/* [try u = y/3 to see this]

- (32” +3(0) — (0 + 3(1))>




Exercise 2. Find the volume of the solid obtained by rotating the area between y = 22> — 2 and y = = — 2
around the z-axis.

With these kinds of problems, it’s always best to have a picture to reference. Try sketching it out!

Solution: We are not given bounds for our integration, to find these we need the point(s) where y = 2% — 2
and y = x — 2 intersect:

P -2=r-2=2-ar=z(z-1)=0=2=0,1.

Hence, our bounds are z = 0 and = = 1. Moreover, we see that (1/2)? —2 = —7/4 < —3/2 = (1/2) — 2 so
2?2 —2 <2 —2on [0,1]. Thus, our volume is given by
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Exercise 3. Evaluate the following integrals:
(a) / 23 1In zdx
(b) / xe “dx
(c) /e”“' cos xdx

Solutions:

(a) Following LIATE, we should take u = Inx and dv = 23dx which gives us:

u=Inz v=2a%/4
du=dx/x dv=a3dx

4 4
3 _ Y _ [l
/x lnmdx—lnx<4> /x<4>dac

41 3
_z nx_/idx

Now, our integral becomes:

4 4
ztlnz 2t
= 1 7176+C'

(b) Following LIATE, we take u = z and dv = e~ *dx which gives us:

u=2x v=—e%

du=dr dv=e " dx

So, our integral becomes

/xe_”:dx = —ge ¥ — / (—e_‘”) de = —ze * + /e_‘”dx = ‘ —ze t —e T+ C.

(¢) Following LIATE, we take u = cosz and dv = e®dx which gives:

U = COST v=¢e"
du = —sinzdr dv = e*dzx

So, our integral becomes
/e“‘ coszdr = e” cosx — /e’”(— sinx)dz = e” cosx + /e”’j sin zdz.

As [e”sinzdx takes a similar form to our original integral, let’s do the same thing again (following
LIATE):

u =sinz v=e"
du = cosxdxr dv =e"dx

/ersinwzemsinx—/excosxdx

Therefore, we have



so, after plugging back, we have
/ex cosdr = e*cosx + e*sinx — /ez cos zdx.

Solving for our goal integral, we find

1
/e”” coszdr = 5 (e cosz +e"sinz) + C.




