MATH 10A — WEEK 9

Exercise 1. (Derivatives of ¢” and Inz)
Compute f'(z) where:

(a) f(z) = (sinz)”"
(b) f(z) =In (tanx + 6*21)

() fla)= (a2 —1)""

Solution:
(a) Write
f(l') _ 6x2 In(sin )

then

f’(x) _ e;p2 In(sin z) % (1'2 h’l(Sil’l l’))

= (sinz)®” <29: In(sin z) + 22 % (In(sin x)))

SOLUTIONS

[derivative of e” and chain rule]

roduct and power rule
p 1%

2
=|(sin x)z2 (2:0 In(sinx) + z .COSI> . [derivative of ln z]
sin z
(b)
1 d
fl(@) = ————— — (tanz + e~ %) [derivative of Inz and chain rule]

~ tanz +e 2 dg

(secx)? — 2e72*

tanz 4 e~ 2%

f((E) _ e(ln z)In(2z?-1)

fl(l') — 6(lnzlc) 11’1(;1;2—1)% ((hl CU) 111(1’2 _ 1))

[derivative of e* and chain rule]

[derivative of e” and chain rule]

In(z? — 1 2z(1
=|(z? —1)ne < n( ) + xZ( n?) . [derivative of Inz, product and chain rule]
x z2 —
(d) Note
1 d :
fa)= W g ((Cos :v)2:”3> [derivative of Inz and chain rule]

so we need to compute the derivative of (cos x)2m3. Write

(COS x)2w3 _ 62:1:3 In(cos

)



then

% ((cos x)QmS) = ¢2o” In(cos m)% (22° In(cos ) [derivative of e” and chain rule]
= (cos 30)2”“'3 (69&2 In(cos z) — 2910;21;195) . [derivative of Inx, product and chain rule]
So, we conclude that
f(z) = % (cos x)hg <6:172 In(cosz) — Mm) =| 622 In(cosz) — Mﬂ
(cosx)?® Cos T cos T

Exercise 2. (Linear approximations)
Use linear approximations to approximate the following values:

(a) In (63 + 1—(1)0)

(c) V99

)
(b) sinl (Hint: 1/3~1)
)
(d) In(2) (Hint: /3~ 1)

Solution:

(a) Consider f(z) = Inx then we’ll approximate this function at = = €3 as €2 is close to e + 1/100 and
we know f(e3) = 3. Since f’(z) = 1/z, the linear approximation of f(z) at z = €3 is

.’17—63

L() = F(e) + /() — ) =3+ 7

Hence,

1 1 1
St —)=L(e+— )= —_—.
f (e * 100) (e 100) 7| " 1008

(b) Consider f(z) = sinx then we’ll approximate this function at x = 7/3 as 7/3 is close to 1 and we
know f(7/3) = +/3/2. Since f'(x) = cosx, the linear approximation of f(x) at x = 7/3 is

L(w) = F(x/3)+ P x/3)a —n/3) = L+ La—n/3)

Hence,

+

ol
w
DN | =

(1—7/3).

(¢) Consider f(x) = /x then we’ll approximate this function at 2 = 100 as 100 is close to 99 and we know
£(100) = 10. Since f'(z) = 2z71/2, the linear approximation of f(z) at = = 100 is

L(z) = £(100) + £/(100)(z — 100) = 10 + (z —100) = 10 + %(x — 100).

1
24/100

Hence,

1(99) ~ L(100) = |10 — .




(d)

Consider f(z) = Inx then we’ll approximate this function at = 1 as 1 is close to 3/m and we know
that f(1) = 0. Since f’(z) = 1/z, the linear approximation of f(z) at z =1 is

L) =fO)+f(Dz-1)=z-1

Hence,

f3/m) = L(3/m)=|——1.

Exercise 3. (Minima and Maxima)
Find the local minima and maxima of f(z) on the given interval:

(a)

f(z) =z +sinx over [0, 27]

(b) f(z) = 5%z over [0,10]

(c) f(x) = 3;::\/@ over [0,1]

(d) f(x)= g over [1,4]
Solution:

(a)

First, we compute the critical points of f(x) on [0,27]. Note f'(z) =1+ cosz so
0=f'(z) & cosz=-1
which implies that « = 7. Now, we need only compare the values of f(z) at 0, , 27:

T ‘0 T 27
f@) |0 = 2«

Note that f/(7/2) > 0 and f'(37/2) > 0 so = 7 is not a local minima or maxima of f(z). Then the
minimum and maximum of f(z) on [0, 27] are @ and , respectively.

First, we compute the critical points of f(z) on [0,10]. By the quotient rule,

1+ 22— 2(22)
() —
f(l')— (1+SC2)2
S0
0=f(z) <= 0=1+2"—-22"=1—2"

which implies x = 1. Now, we need only compare the values of f(x) at 0,1, 10:

z |0 1 10
fx) [0 1/2 10/101

Since 10/101 < 10/100 = 1/10 < 1/2 and 0 < 1/2, 1/2 is an absolute maximum of f(z) at x =1 on
[0,10] so we need not check the sign of f'(x) around z = 1. Note that f'(2) < 0 so f(10) = 10/101 is

a local minimum. Hence, the local minima of f(x) on [0,10] are |0,10/101 | and the local maximum of

f(z) on [0,10] is .

First, we compute the critical points of f(z) on [0, 1]. Note that

3x(—2x) 3z
") =3V1—22 4+ L =31 —22 — ———
/(@) 2¢/1 — 22 V1— a2

which is undefined at = 1 so = 1 is a critical point. Now, multiplying both sides of 0 = f/(z) by
v1— 22 when z < 1, we have

0=f'(z) <= 0=23(1—2°) —3z%=3(1 —2z?)
which implies © = 1/1/2. Now, we need only compare the values of f(z) at 0, \/7 1:



z |0 12 1
f@)]o 3/2 0

Hence, the local minimum of f(x) on [0,1] is | 1] and the local maximum of f(z) on [0,1] is

(d) First, we compute the critical points of f(x) on [1,4]. Note that f'(z) = 2z — 4272 so

0=1f(z) <= 0=22° -4 <= 2°=2
which implies z = /2. Now, we need only compare the values of f (x) at 1, V2, 4:

z |1 V2 4
f@) |5 223 +4+4(2713) 17

Since
f’(33/2)2( 3/2)2 Y
(3 3/2) (3 3/2)
and 5
prom=2V —4_ 2

(v3) (v
we see that f(4/2) is a local minimum. So, in conclusion, we see that the local minimum of f(z) on
[1,4] is | 2%/% 4+ 4(27'/3) | and the local maxima of f(x) on [1,4] are .

Exercise 4. (Mean Value Theorem)
Use the mean value theorem and find all 1 < ¢ < 2 such that f(2) — f(1) = f'(¢)(2 - 1):

(a) fz) =2°
(b) f(z) = sin(rz)
(c) fx)=1+az+2%+23

Solution: Note that all f(x) are continuous on the interval [1,2] and differentiable on (a,b) so the mean
value theorem applies in all cases and ensures the existence of such c.

(a) Note that f/'(x) = 3z% and f(1) =1 and f(2) = 8. So, we want 1 < ¢ < 2 such that

7
8—1:38@—1)¢:<¥:§

which implies that | ¢ = /7/3.

(b) Note that f/(z) = 7cos(mz) by the chain rule and f(1) = 0= f(2). So, we want 1 < ¢ < 2 such that

0—0=mcos(mc)(2—1) <= cos(mc) =0

which implies that

(c) Note that f'(x) =1+ 2z + 322 and f(1) =4 and f(2) = 15. So, we want 1 < ¢ < 2 such that

-2+ 4—-4(3)(—11 —-1£V34
15—4=(1+2c+3%)2—-1) <= 3c°+2c—11=0 < c= 2(3)()( ): 3\/>

-1+ V34

which implies | ¢ 3




